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We cons ider  the a x i s y m m e t r i c  p rob l em of determinat ion of the s t r e s s - s t r a i n  s ta te  in an 
elastic half-space in the case of a circular line of separation of the boundary conditions on 
the boundary plane z = 0. We assume that on the entire boundary z = 0 the tangential stress 
~'rz = 0, while inside the circle r-<a (z = 0) the normal displacement u z is known and in its 
exterior the normal stress ffz is given. In addition, we assume that body forces are ae~g 
in the half-space. The investigation of problems of similar kind presents interest in con- 
nection with the application of A. A. ll'yushinTs method of elastic solutions to the problem 
of the indentation of punches into a nonlinear-elastic, in particular, into an elastoplastic 
half-space. 

Assume  that  a r igid a x i s y m m e t r i c  punch, having in a cyl indrical  s y s t e m  of coordina tes  r ,  ~, z the 
fo rm z = - X  (r), i s  indented by an axial  force  P into the ha l f - space  2=  ( 0 - z  < ~; 0-- - r< col The s y s t e m  of 
coordinates  is  chosen in such a way that  the ha l f - space  occupies the domain 2, while the axis  z coincides 
with the line of action of the fo rce  P. 

We denote by T e and Pc,  T e = G F  e (G is  the e las t ic  shea r  modulus) the s t r e s s  and the s t ra in  c h a r a c -  
t e r i s t i c s ,  r e spec t ive ly ,  and we pas s  to the quanti t ies  

~ij = 2Te~ i j ' ,  e~j ~ . ~ e e ~ / ,  Ur ~ aF~Ur'  (i) 
r u z  = aFcuz  , r = a r ' ,  z ---- a z ' ,  p =  P / 2 T , n a  ~ 

Here  crij a r e  the components  of the s t r e s s  t ensor ,  ei j  a r e  the components  of the s t ra in  tensor ,  and 
Ur, u z a r e  the components  of the d i sp lacement  vec tor .  Because  of the axial  s y m m e t r y  

and the remain ing  components  do not depend on the coordinate  q. 

u ' where  Eve rywhere  in the sequel we will use  the d imens ionless  quanti t ies ~ij ' ,  e i j ' ,  t t r "  z , r ' ,  z ' ,  
for  the sake of s impl ic i ty  the p r i m e s  will be omit ted.  

In the ha l f - space  2 we have the equi l ibr ium equations 

Or -4- ~o -~  r = ] l  (r ,  z)  (2)  

OVrz O~z ~'rz 
Or ' ~- "~- -  -~ - - ~  = f2 (r ,  z) 

Hooke ' s  re la t ions  (v is  P o i s s o n ' s  rat io) 

~j = ~j + ~ ~%, ~ = ~8~i (3) 

and the re la t ions  connecting the components  ei j ,  Ur, u z 
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o~, ., o .  , (0% o.,) 
er -- Or ' ~ = - ? - '  e, = - g T '  ~ '  = -~ \--g~z + -g~/  (4) 

On the boundary  z = 0 and at  inf ini ty  we m u s t  have the boundary  condi t ions  

�9 = I~=o = o, z~ I,---o = h (r) (5) 
r > l  

~ I~=or<, = -~e (at) ~___ 0 (r) (6) 

6il, eii, Ur, Uz --> 0 for r 2 q- z ~-> oo (7) 

where  6 i s  the axial  d i sp l a c e m e n t  of  the punch,  ~ = a / r .  The unknown rad ius  a of the con tac t  a r e a  i s  de -  
t e r m i n e d  f r o m  the cont inui ty  condit ion of the n o r m a l  s t r e s s e s  az  at  the points  of the c u r c t t m f e r e n c e  r =  1 
(z=O).  

With r e g a r d  to the f u n c t i o n s f l  (r  , z), f~. (r ,  z), h (r), one a s s u m e s  that  fo r  any z-> 0 the Hankel t r a n s -  
f o r m s  

zx(z)  = ] l ( r , z )  Jl(~'r)rdr,  H ( k )  = h ( r ) ]o (~ , r ) rdr  
0 0 

e~ 

sx (z) = j" f~ (r, z) Jo (~r) r dr (s) 
0 

exis t  and admi t  the c o r r e s p o n d i n g  i nve r s i ons .  In addit ion,  each  of  the funct ions  sx (z), ~X (z) m u s t  sa t i s fy  
the vanish ing  condi t ions  at  inf ini ty  of  the funct ions  (15). 

The componen t s  Ur, Uz wil l  be sought  in the f o r m  of Hankel  i n t e g r a l  expans ions  

u r = Ax(z) J l (kr )dk ,  Uz = j 'Bx(z )  Jo(kr)d~, (9) 
0 0 

Then the r e l a t ions  (3), (4) d e t e r m i n e  the componen t s  e i j ,  crij; i n s e r t i n g  the l a t t e r  into the equ i l ib r ium 
equat ions  (2), we find that  the funct ions A k (z), B k (z) m u s t  sa t i s fy  a s y s t e m  of two inhomogeneous  d i f f e ren -  
t ial  equat ions  of  s econd  o r d e r  

(t - -  2v) A~" (z) --  kBx' (z) - -  2 (1 --  ,~) ~Ax (z) = 2 (1 - -  2~) k~x (z) (10) 
2 (i - -  v) Bx" (z) + ~Ax' (z) -7" (l - -  2v) k2Bx (z) = 2 (i - -  2~) ~,sx (z) 

The solut ion Ak(z)  , Bk(z )  of  the s y s t e m  (10) depends on four  a r b i t r a r y  funct ions  

Ax (0), Ax' (0), Bx (0), Bx' (0) 

of  the p a r a m e t e r  X which a r e  d e t e r m i n e d  f r o m  the fol lowing re l a t ions :  

Ax' (0) = )~Bx (0) 
cQ 

y Bx (0) Jo (~r) d~ = 0 (r) (0 < r < 1) 
0 

i[v~.Ax (0) -k (t - -  v) Bz' (0)1 J0 (~r) dE = (l - -  2~) h (r) (r > t) 
0 

Ax (z), Bx (z) -* 0 for z--~ 

which fol low f r o m  the boundary  condi t ions  (5)-(7). 

The g e n e r a l  solut ion of the s y s t e m  of equat ions  (10) can be wr i t t en  in the  f o r m  

Ax (z) = [r (~, Z) + zq% (~,, z)] e xz + [r ()~, z) + zr (~,, z)l e -x~ 
B~ (z) = [ ~  (7,, z) - -  zq% (~, z)] eX~ + [% (~, z) + zq% (X, z)] e-X~ 

where  

0 0 

(11) 

(12) 

(13) 

(14) 

(15) 
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o 

z z 

~% (X, z) = ~ t  [ t - - - - ~  [ h~(X) __ k f~eXr [sx (~) --  • d~ + ( 3  - -  4v) SeX~• 
0 0 

i [ ha (~) z 

0 

r (X, z) -- 4 (t -- v) L t -- 2v --  X ~e -x~ [s~, (~) + • d~ -- (3 --  4~) e-XCsx (~) d~] 
0 0 

z z 

o 0 

h~(k) = (I --  2v) [2 (t --  v) Ax (0) + (1 - -  2v) Bx (0)1 
h2 (k) = (t --  2v) XBx (0) + (l -- v) Bx' (0) + (1 --  v) XAx (0) 

(16) 

H~ (X) = ~ [2 (t -- 2v) ~Bx (0) + (3 -- 4v) Bx' (0) + )~Ax (0)1 
h 3 (k) = hi (k) --  2 (1 --  2v) ~ B~ (0) 
h4 (k) --~ 2 (1 --  2v) kB~ (0) --  h2 (k) (17) 

H3 (k) = 4 (t --  v) (1 --  2v) Bx (0) - -  H1 (k) 

F r o m  the boundary  condi t ions  (14) we obtain at  once the a sympto t i c  r e l a t ions  

~1 (~, z), ~ (~, z), % (~, z) - +  0 for z ~ co (18) 

which can be sa t i s f i ed  if  and only if  the funct ions  hi(X) , h 2 (X), H i (X) will  be chosen  in the fol lowing ma n n e r :  

h~ (X) = 0 - -  2~) ( 3 . 4 ~ )  ~ e - ~ %  (~) d~ - -  X 0 - -  2~) i ~-~r  (~) + ~ (~)1 d~ 
0 0 

oo 

h~ (k) = ~ (1 --  2v) j" e -x~ [sx (~) + • (~)] d~ (19) 
0 

o~ ~o 

Y/, (k) = (t - -  2v) (3 - -  4v) ~ e-X~sx (~) d~ + k (i --  2v) ~ ~e -x~ [s, (~) + • (~)l d~ 
0 0 

The choice  of  the funct ions  hi(X) , h 2 iX), Hi(L) in the f o r m  (19) i s  n e c e s s a r y  but not  suf f ic ient  fo r  s a t -  
isfying the asymptotic relations (14); the latter v~ll be satisfied if we require, for example, that s k (z), 
~X (z) belong to the class k of functions such that for any U(z)r k we should have the asymptotic equalities 

co 

(z - -  ~) e~C,-oU (~) d~ = 0 (t)  for z ~ oo 

* (20) 
z 

j (z - -  ~) e-X(z-~)U (~) d~ = 0 (1) for z --~ oo 
0 

In p a r t i c u l a r ,  the equal i t ies  (20) will  be sa t i s f ied  i f  the body f o r c e s  ac t  in s o m e  bounded domain of  
the h a l f - s p a c e  ~2. 

Thus,  fo r  the de te rmina t ion  of  the fou r  unknown funct ions (11) we have a s y s t e m  of four  l inea r  non-  
homogeneous  a l g e b r a i c  equat ions  (12), (16) and the dual i n t eg ra l  equat ions  (13). The d e t e r m i n a n t  of  the 
s y s t e m  (16), c o n c e r n i n g  the t h r ee  funct ions  A x (0), B k (0), B X' (0), i s  equal  to z e r o ;  consequent ly ,  this s y s -  
t em  i s  solvable  i f  and only i f  the r i gh t -hand  s ides  hl(X) , h 2 (k), H i iX) sa t i s fy  a we l l -de f ined  re la t ion ,  which 
in this  c a s e  has  the f o r m  

[H1 0 ~) + hi (Z)] = (3--4~)h2 (~) (21) 

But, as  i s  e a s y  to see,  the funct ions (19) sa t i s fy  the re la t ion  (21). Consequent ly ,  one of the funct ions  
(11), f o r  example  B k (0 )=B (h), r e m a i n s  a r b i t r a r y ;  A x '  (0), AX (0), BX'(0) a r e  d e t e r m i n e d  in t e r m s  of B (k) 
by the f o r m u l a s  

A~' (0) = XB (7.) 
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Ax (0) __-- ~ 1  [ hL---(~v (i - -  2v) B (~)] (22) 

[ (M 
- -  ( t  2v) k B  (~)] Bz'(0) = 2 ( l - - v )  L 2h~(k) ~ - - ~  - -  

The  r e m a i n i n g  a r b i t r a r i n e s s  in the se l ec t ion  of the funct ion B (~) a l lows  us  to s a t i s f y  the boundary  
condit ion (6) on the  con tac t  a r e a .  In o the r  words ,  the funct ion B (k) m u s t  be the solut ion of the dual i n t e -  
g r a l  equat ions  (13), which,  t ak ing  into account  the equa l i t i e s  (22), can be wr i t t en  in the  fol lowing m a n n e r :  

co 

SE(E) J ~  (0 .%r<i)  
o (23)  

y E E ( ~ ) J 0 ( k r ) d ~ = 0  ( r> t )  
o 

w h e r e  

1 2 (1 - -  v) E (~) = B (~) 1 -- 2v [ ~  h~ (~) - -  h 1 (~)] + 2  ( i - -v)  H (~) (24) 

2 ( i - - v ) M ( r ) = O ( r ) + 2 ( l - - v )  H(k)  Jo(~,r)d~ l - - 2 v  [ ~ h " ( k ) - - h l ( ~ ) ]  ]o(~r)d~" (25) 
o o 

The m e t h o d  of solut ion of dual i n t e g r a l  equat ions  of  the type  (23) i s  given,  fo r  e x a m p l e ,  in [1]. Ac -  
c o r d i n g  to  [1], the solut ion E (X) of the Eqs.  (23) i s  given by the i n t e g r a l  

1 

E (k) = j' q) (t) cos kt dt (26) 
0 

w h e r e  

q)(t) = 2 [M (0)-[-t  ~ ~ M ' ( t s i n ' } ) d ~  1 (27) 
o 

The e x p r e s s i o n  fo r  the c o m p o n e n t  (r z on the contac t  a r e a  r < 1 (z = 0) can be wr i t t en  in the  fol lowing 
m a n n e r :  

52 Iz=,~ = --  )~E (~) Jo (~r) d~ = (p'(t) dt q) (t) (28) 

Consequent ly ,  f r o m  the r e q u i r e m e n t  of  the cont inui ty  of ~z on the  con tour  r = 1 (z = 0) of the contac t  
a r e a ,  we obtain the condit ion q)(1)=0,  o r  

M (0) = --  I .M'  (sin 4) d ,  (29) 
0 

The equa l i ty  (29) d e t e r m i n e s  the r e l a t i on  between the unknown r ad iu s  a of  the con tac t  a r e a  and the 
depth 6 of  the ax ia l  p e n e t r a t i o n  of the punch.  

I n t e g r a t i n g  the  e x p r e s s i o n  (28) o v e r  the  a r e a  of  the c i r c l e  of  r ad iu s  1, i t  i s  e a s y  to obtain the c l o s e d  
r e l a t i on  

1 1 

P 21rzzlz=od r = 21T( t )  dt 
P - -  2 i ' ena2  ~' ( 3 0 )  

o 

which connec t s  the  ax ia l  f o r c e  P with the r ad iu s  a of the con tac t  a r e a .  

If  the  body f o r c e s  and the n o r m a l  s t r e s s e s  outs ide  the con tac t  a r e a  a r e  absen t  (H (k) = ~2, (z) = s?~ (z) = 0), 
then we a r r i v e  a t  the wel l  s tudied  (cf. [1-10]) p r o b l e m  on the f r i c t i o n l e s s  p e n e t r a t i o n  of a r ig id  punch into 
an e l a s t i c  h a l f - s p a c e .  In the  c a s e  when the punch has  the  f o r m  of a p a r a b o l o i d  of  r evo lu t i on  X (r) = r 2 / 2 R ,  
the i n t e g r a l s ,  in t e r m s  of which  the solut ion  of the p r o b l e m  under  c o n s i d e r a t i o n  i s  e x p r e s s e d  in [10], can 
be put  in c l o s e d  f o r m ;  fo r  the d e t e r m i n a t i o n  of the c o m p o n e n t s  ai j ,  Ur, Uz one obta ins  the fol lowing f o r m u -  
l a s  ( r > 0 ,  z>0): 
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w h e r e  

t - - 2 v [ l ( l  Va) t z ~ ( V  l ) z r ~  ar  c W ]  - -  7 - - -  - -  - -  ~ s in  

r 

u~ = zZ W ( t  - -  v) - -  z -~ z ~ a rc  tg  z a rc  t g  z 2 (1 - -  v )  v In -~- - ~ -  - -  arc  s i n  W 
0 

OZ ur ur ~ r = . - - Z - - z - - - - - - ,  z~, = - -  2 v Z  -1- --r-- Oz r 
OZ z [ OV r ~ OW l  

z ow I 

W -~- 2 Z = V - -  z a re  s i n  W 
V ~ + ( i  + r)~ + V ~ + (i - r) ~ '  

T h e  e x p r e s s i o n s  f o r  t h e  c o m p o n e n t s  ~ i j ,  U r ,  Uz a t  t h e  b o u n d a r y  z = 0,  a n d  a l s o  i n  a s m a l l  n e i g h b o r -  
h o o d  o f  t h e  a x i s  r = 0  a r e  g i v e n  i n  [10] .  

T h e  a u t h o r  w i s h e s  t o  t h a n k  M .  Y a .  L e o n o v  f o r  h i s  v a l u a b l e  s u g g e s t i o n s  d u r i n g  t h e  p r e p a r a t i o n  o f  
t h i s  p a p e r .  
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